We discuss some additivity properties of the simplicial volume for manifolds with boundary: we give proofs of additivity for glueing amenable boundary components and of superadditivity for glueing amenable submanifolds of the boundary, and we discuss doubling of 3-manifolds.
The simplicial volume is a homotopy invariant of manifolds. It was defined in [3] , using the l 1 -norm on singular chains, as follows. Let (X, Y ) be a pair of spaces. For a relative homology class h ∈ H * (X, Y ; R) define its Gromov norm h := inf { r i=1 | a i |:
To get an invariant of a compact, connected, orientable n-manifold M , consider its fundamental class [M, ∂M ] , that is the image of a generator of H n (M, ∂M ; Z) under the canonical homomorphism H n (M, ∂M ; Z) → H n (M, ∂M ; R), and define the simplicial volume of M , to be denoted M, ∂M , as the Gromov norm of [M, ∂M ] . Extend this definition to non-connected manifolds by summing the simplicial volumina of the connected components.
The simplicial volume remains an invariant about which relatively little is known. This article is devoted to the study of the behaviour of simplicial volume with respect to cut and paste. That means, we are given an (n-1)-submanifold F ⊂ M with ∂F ⊂ ∂M , and we wish to compare M F , ∂M F to M, ∂M . Here, M F denotes the manifold obtained by cutting off F , that is M F := M − N (F ) for a regular neighborhood N (F ) of F .
M, ∂M may be strictly smaller than M F , ∂M F , as there may be fundamental cycles of M which are not the images of fundamental cycles of M F . For example, we showed in [8] that M F , ∂M F > M, ∂M if int (M ) is a hyperbolic n-manifold of finite volume, n ≥ 3, and F is a closed geodesic hypersurface. On the other hand, somewhat counter-intuitively, M, ∂M may be strictly larger than M F , ∂M F , as fundamental cycles for M F need not fit together at the copies of F .
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For theorem 1, we consider the case that F is amenable, and prove: Theorem 1: Let M 1 , M 2 be two compact n-manifolds, A 1 ⊂ ∂M 1 resp.A 2 ⊂ ∂M 2 (n-1)-dimensional submanifolds, f : A 1 → A 2 a homeomorphism, M = M 1 ∪ f M 2 the glued manifold. If π 1 A 1 , π 1 A 2 are amenable and f * restricts to an isomorphism f * :
If moreover A 1 , A 2 are connected components of ∂M 1 resp. ∂M 2 , then M, ∂M = M 1 , ∂M 1 + M 2 , ∂M 2 . We prove analogous facts if A 1 , A 2 are in the boundary of the same manifold M 1 . Applied to 3-manifolds, theorem 1 means that simplicial volume is additive with respect to glueing along incompressible tori and superadditive with respect to glueing along incompressible annuli. In the special case that the boundary of the 3-manifolds consists of tori, Soma proved in [11] that simplicial volume is additive with respect to glueing incompressible tori or annuli. We think that our proof, apart from being a generalisation to manifolds with arbitrary boundary, should be of interest because the proof in [11] heavily relies on theorem 6.5.5. from Thurston's lecture notes, of which no published proof is available so far.
In chapter 4, we consider the special case of doubling a manifold, that is of glueing two (differently oriented) copies of M by the identity of ∂M . Here, two fundamental cycles of M , corresponding to opposite orientations, fit together at ∂M to give a fundamental cycle of DM , hence DM ≤ 2 M, ∂M trivially holds. We give precise conditions for 3-manifolds to satisfy the strict inequality. Theorem 2: Let M be a manifold of dimension n ≤ 3. Then DM < 2 M, ∂M if and only if ∂M > 0. Theorem 2 will, using geometrization of 3-manifolds, follow from our result in [8] together with application of theorem 1 to 3-manifolds with boundary.
The article is organized as follows. Chapter 1 gives the necessary facts about multicomplexes. We usually refer to [3] where it contains complete proofs and just fix notations in a way useful for later chapters. Chapter 2 discusses treelike multicomplexes. The proved results are the same which are needed in [3] to prove results about glueing manifolds without boundary, our contribution consisting in writing complete proofs for the ideas indicated in section 3.5. of [3] . Theorem 1 is proved in chapter 3, and theorem 2 is proved in chapter 4.
It might be helpful for the reader that we give some non-rigorous motivation for the proof of theorem 1. Let us consider a toy example. We glue two manifolds . That means, we look for a chain map r, leftinverse to the inclusions, which maps simplices in M 1 ∨ M 2 to simplices either in M 1 or in M 2 .
The universal cover of M 1 ∨ M 2 is a tree-like complex made from copies of M 1 andM 2 . In a tree, any nondegenerate tripel of vertices has a unique central point, belonging to all three geodesics between the vertices. More generally, in a tree-like complex, one might try to construct a central simplex associated to any nondegenerate tupel of at least three points. For example, if M 1 and M 2 admitted hyperbolic metrics, one would have unique geodesics between two vertices inM 1 orM 2 , hence also in the tree-like complex, and one can actually show that, for a nondegenerate tupel of vertices, the associated set of geodesics intersects the full 1-skeleton of exactly one top-dimensional simplex. This 'central' simplex belongs to a copy ofM 1 orM 2 . It is then easy to define r.
There is clearly no such construction for arbitrary manifolds. However, we show in section 2 that this construction can be done if M 1 and M 2 are aspherical, minimally complete multicomplexes. Such multicomplexes have in fact several features in common with hyperbolic spaces. The theorem that we actually prove in section 2 is a generalization of the above. We consider not only multicomplexes glued at one vertex, but glueing multicomplexes along an arbitrary submulticomplex with the additional condition that a suitable group G acts with certain transitivity properties on the submulticomplex along which the glueing is performed, and we do the above construction not for simplices but for G-orbits of simplices. (It might be tempting to consider the quotients with respect to the G-action to reduce the glueing to a generalized wedge. However, this would raise technical problems related to the fact that these quotients are not multicomplexes.)
It should be noted that in the case of glueing two closed manifolds, [3] ,3.5. avoids the use of multicomplexes by using the classifying spaces of the fundamental groups, where the corresponding constructions are easier. This construction generalizes to manifolds with boundary only if one were to consider manifolds with exactly one boundary component.
Technically, the line of argument is as follows. To any space X, one associates an aspherical, minimally complete multicomplex K (X). Its simplicial bounded cohomology H * b (K (X)) is isometrically isomorphic to the singular bounded cohomology H * b (X). Bounded cohomology is a device that admits to dualize problems about the simplicial volume. We show in 3.1., using the correspondence between bounded cohomology groups, that the glueing problem for manifolds M 1 , M 2 can be translated into an analogous problem for the aspherical, minimally complete multicomplexes
If X is obtained from X 1 and X 2 by glueing along A, one lets act a large amenable group Π X (A), which consists of all homotopy classes in X of pathes in A. This group action satisfies the transitivity properties needed to apply the results of chapter 2. Convention: For simplicity, we assume all manifolds to be oriented. I would like to thank Michel Boileau and Elmar Vogt for discussions about the content of this paper.
1 Multicomplexes
Definitions
Definition 1 : A multicomplex K consists of the following data: -Simplices: a set V and, for any finite ordered subset F = {v 0 , . . . , v n } ⊂ V with | F |≥ 2, a (possibly empty) set I F , such that for any permutation π :
The elements of V are the 0-simplices or vertices of K. The pairs σ = (F, i) with | F |= n and i ∈ I F are the n-simplices of K. The j-th face of an n-simplex (F, i) is given by ∂ j (F, i) := (F − {v j } , d j (F )). Let K j be the union of j-simplices and K n the n-skeleton of K, that is the union
The geometric realization | K | of K is defined as follows:
The set of all λ with a given F λ and a given i ∈ I F λ is canonically identified with a standard simplex and herits a topology via this identification. We consider the topology on | K | defined such that a set is closed if its intersection with each simplex is closed.
Definition 2
We call a multicomplex minimally complete, or m.c.m. for short, if the following holds: whenever σ : ∆ →| K | is a singular simplex, such that ∂σ is a simplex of K, then σ is homotopic relative ∂∆ to a unique simplex in K.
If σ is an n-simplex, its n-1-skeleton is the set {∂ 0 σ, . . . , ∂ n σ}. By recursion, we define that the n-k-skeleton σ n−k of an n-simplex σ is the union of the n-k-skeleta of the simplices belonging to the n-k+1-skeleton of σ.
Definition 3 We call a multicomplex K aspherical if all simplices
Orientation: Let π : F 1 → F 2 be a permutation of finite sets and i ∈ I F 1 . We say that (F 1 , i) and (F 2 , I π (i)) have the same orientation if π is even, and that they have different orientation if π is odd. A submulticomplex L of a multicomplex K consists of a subset of the set of simplices closed under face maps. (K, L) is a pair of multicomplexes if K is a multicomplex and L is a submulticomplex of K. A group G acts simplicially on a pair of multicomplexes (K, L) if it acts on the set of simplices of K, mapping simplices in L to simplices in L, such that the action commutes with all face maps.
Bounded Cohomology
For a multicomplex K, let F j (K) be the R-vector space with basis the set of jsimplices of K. Let O j (K) be the subspace generated by the set {σ − sign (π) π (σ)} where σ runs over all j-simplices, π runs over all permutations, and π (F, i) := (π (F ) , I π (i)). Define the j-th chain group
For the bounded cohomology of topological spaces, we refer to [5] . When dealing with a pair of multicomplexes (K, L), we will distinguish between H * b (K, L) and
Since any bounded singular cochain is in particular a bounded simplicial cochain, we have an inclusion h :
Proposition 1 (Isometry lemma, [3] , S.43): If K is a connected minimally connected multicomplex with infinitely many vertices, then h * :
For an n-dimensional compact, connected, orientable manifold let β M be the unique class in
By [3] ,see [7] , Thm.2.1., [5] ) that the bounded cohomology and its pseudonorm depend only on the fundamental group. This works also for pairs (X, Y ), if π 1 Y → π 1 X is injective. In particular, one has: 
Aspherical multicomplexes
Warning: It will be convenient for us to use notation different from Gromov's, since we will make use of a certain functoriality of K (X). So one should be aware that our K (X) corresponds to K/Γ 1 in Gromov's notation, as well as that ourK (X) will correspond to Gromov's K or K (X). According to [3] , | K (X) | is actually an aspherical topological space. We will only need that K (X) is aspherical in the sense of definition 3, what will follow from the geometric description of K (X). Because it will be of importance in the proof of lemma 8 and 9, we mention that I is constructed as the following composition:
Here, h * is the isomorphism from proposition 1, p and j are described in the geometrical description below. A proof of proposition 2 is given in [3] . Because it will be crucial for the proof of theorem 1, we recall the geometrical description of K (X) as it can be read off the constructions in [3] . Geometrical description ofK (X): For a topological space X,K (X) is the multicomplex defined as follows. Its 0-skeleton is {x : x ∈ X}. Its 1-skeleton is ({x, y} , i) : x = y ∈ X, i ∈ I {x,y} where I {x,y} is the set of homotopy classes relative {0, 1} of maps from [0, 1] to X mapping 0 to x and 1 to y. Having defined the n-1-skeleton ofK (X), the n-simplices ofK (X) are the pairs ({x 0 , . . . , x n } , i) with x 0 , . . . , x n ∈ X and i a homotopy class relative ∂∆ n of mappings from the standard simplex ∆ n to X, taking the i-th vertex of ∆ n into x i for i = 0, . . . , n and the n-1-skeleton of ∆ n into the n-1-skeleton ofK (X). In particular, we have a canonical inclusion j : X →K (X), identifying X with the 0-skeleton ofK (X).
Geometrical description of K (X): The multicomplex K (X) is obtained fromK (X) by identifying, via simplicial maps, all n-simplices with a common n-1-skeleton, for all n ≥ 2, succesively in order of increasing dimension. In particular, we have a canonical projection p :K (X) → K (X).
Proof:
If two distinct 1-simplices in Y mapped to the same 1-simplex in X, the corresponding pathes in Y would be in ker (π 1 Y → π 1 X). By asphericity, simplices are determined by their 1-skeleton and the first claim follows. From the five lemma, I is an isomorphism. Therefore, it must be an isometry, since I and I −1 are composed by maps of norm ≤ 1. 2 
Amenable Groups and Averaging
If a group G acts simplicially on a pair of multicomplexes (K, L), we denote 
Lemma 2 : (i) If an amenable group Γ acts on a pair of multicomplexes (K, L),
Proof: : The proof of (i) works, for L = ∅, the same way as for singular bounded cohomology in [3] ,p.39. In the relative setting, if L = ∅, Av still is an isometry because of Av ≤ 1, p * ≤ 1 and Avp * = id, and it is an isomorphism as a consequence of the five lemma. Part (ii) follows from the homotopy lemma, [3] ,p.42 and is implicit in [3] ,p.46,cor.D. 2
Group actions on multicomplexes
In the following, (X, Y ) will be a pair of topological spaces. For a path γ : [0, 1] → X, we denote by [γ] its homotopy class in X relative {0, 1}.
Π Y (X) is a group with respect to the following product:
}, where * denotes the concatenation of pathes and i ≥ 0 is chosen such that we have:
(Such an i exists for a unique reindexing of the elements in the unordered sets
As a next step, we extend this to an action on the 1-skeleton of
to be the 1-simplex of K (X) corresponding to the homotopy class of the concatenation σ * i (γ i ), where
as the 1-simplex corresponding to the homotopy class of i (γ i ) * σ. If σ (0) = γ i (0) and σ (1) = γ j (0), define gσ to be the 1-simplex corresponding to the homotopy class of i (γ j ) * σ * i (γ i ). All these definitions were independent of the choice of σ in its homotopy class relative {0, 1}. To define the action of Π X (Y ) on all of K (X), we claim that for a simplex σ ∈ K (X) with 1-skeleton σ 1 , and g ∈ Π Y (X), there exists some simplex in K (X) with 1-skeleton gσ 1 . Since K (X) is aspherical, this will allow a unique extension of the group action from K (X) 1 to K (X). To prove the claim, observe the following: if g is a path in X connecting v 0 to v ′ 0 and if σ is a simplex in K (X) represented by a singular simplex hatσ in X with 0-th vertex v ′ 0 , thenσ can clearly be homotoped so that one gets a singular simplex in X with 0-th vertex v 0 , leaving the other vertices fixed, so that we get a simplex whose 1-skeleton is gσ 1 . Argueing succesively, we get the claim for general g ∈ Π X (Y ).
Definition 6 : Let (K, L) be a pair of multicomplexes. Let {e 1 , . . . , e n } and {e ′ 1 , . . . , e ′ n } be two n-tuples of 1-simplices in K with vertices in L. We say that {e 1 , . . . , e n } and {e (with f k , f l uniquely selected such that the vertices match) represent the identity in π 1 K.
The following observation is obvious from the construction.
That is, if e 1 and e 2 are K (Y )-related 1-simplices in K (X), then exists g ∈ Π X (Y ) with ge 1 = e 2 .
An application of averaging
Proof: There is an exact sequence 1
, where P erm f in are the permutations with finite support. It is well known that a group is amenable if any finitely generated subgroup is amenable. All finitely supported permutations have finite order. It follows that any finitely generated subgroup of P erm f in (A) is finite and therefore amenable. Also any finitely generated subgroup of y∈Y im (π 1 (A, y) → π 1 (X, y)) is contained in a finite sum of amenable groups and is therefore amenable. Thus Π A (X) is an amenable extension of an amenable group and, hence, is amenable.
2
For ǫ ∈ R define a norm on C * (X, Y ) by z ǫ = z +ǫ ∂z . We get an induced pseudonorm . ǫ on H * (X, Y ). More generally, if A is a union of connected components of Y , we define a norm on relative cycles of C * (X, Y ) by z A ǫ = z +ǫ ∂z | A and consider the induced pseudonorm . A ǫ on H * (X, Y ).
Proof: : With the additional assumption A = Y , proposition 3 becomes the equivalence theorem in [3] , p.57. To get the general claim, we give a straigtforward modification of Gromov's proof. We consider the dual norm on bounded cohomology, which, by the HahnBanach theorem, is induced from the dual norm on the relative cocycles. We will show that c A ǫ = c for relative cocycles c. By propositions 1 and 2, we may assume that we are working with the complex of antisymmetric simplicial cochains of K (X). By lemma 2, we may assume the cochains to be invariant under the action of the amenable group Π X (A). Hence, we may assume that the relative cocycle c factors over Q, where Q is the quotient of F * (K (X)) /F * (K (Y )) under the relations σ = −σ and aσ = σ for all a ∈ Π X (A) and all simplices σ, where σ is σ with the opposite orientation. We can define in an obvious way analogs of our norms on the dual of Q and we get then c = c Q and c A ǫ = c Q A ǫ , where c Q is c considered as a map from Q to R. But in Q, any simplex σ with an edge in A becomes trivial, because there is some element of Π X (A) mapping σ to σ. Hence, for any relative cycle z ∈ C * (X, Y ), the image of ∂z | A in Q is trivial. Hence, c Q and c Q A ǫ agree. 2
Retraction in aspherical treelike complexes
If a group G acts simplicially on a multicomplex M , then C * (M ) /G are abelian groups with well-defined boundary operator, even though M/G may not be a multicomplex. (An instructive example for the latter phenomenon is the action of G = Π X (X) on K (X), for a topological space X.)
The 'amalgamated' case
Then there is a relative chain map r :
Proof: We consider first the case M ′ = ∅. The plan of the proof is as follows: let σ be a simplex in M , letσ be a lift to the universal coverM , and let v 0 , . . . , v n ∈M 0 be the vertices ofσ. To each pair {v i , v j } we associate a family of 'minimizing' pathes p a ; h ij k , associated to a fixedσ, belong to the same G-orbit, and that also the simplices associated to either gσ with g ∈ π 1 M or to gσ with g ∈ G belong to the same G-orbit. We define then r (Gσ) = Gτ . Assumption (iv) implies that the universal cover K ∪ L is a submulticomplex of the universal coverM . Assumption (ii) together with assumption (iv) gives that the 0-skeleton of K ∪ L is the whole 0-skeleton of M . Let π : K ∪ L → K ∪ L be the projection. We will need a specific section s of π on the 1-skeleton
There are unique liftsẽ andṽ such thatẽ has boundary pointsp andṽ. This defines ∼ on the 0-skeleton, and also on some 1-simplices. Now, for all other 1-simplices e ∈ K 1 ∪ L 1 with boundary points v and w, possibly v = p, we fix the unique liftẽ in K ∪ L with 0-th vertexṽ. (Note that in K ∪ L there are no edges with one vertex in K 0 − A 0 , the other vertex in L 0 − A 0 .) It should be noted: if e has vertices v 0 and v 1 , thenẽ has verticesṽ 0 and h 1ṽ1 with, a priori,
Assume that e is an edge in K. We have a unique edge connectingṽ 1 to h 1ṽ1 . This edge projects to an edge f with both vertices v 1 . Since v 1 , as a vertex of e, belongs to K, we conclude that f ∈ K 1 . This implies
In a similar way, if e is an edge in L, we conclude that
As a consequence, we get the following observation.
(A): if gẽ is an edge with boundary points h 0ṽ0 and h 1ṽ1 , then g = h 0 and
0 is either 1, or an element of π 1 K, or an element of π 1 L. Indeed, we have just seen this for g = 1. The general case follows after applying g −1 to gẽ. Moreover, if g 1ẽ1 is a 1-simplex with boundary points h 01ṽ01 and h 11ṽ11 , and g 2ẽ2 is a 1-simplex with boundary points h 02ṽ02 and h 12ṽ12 , then: (B): if g 1ẽ1 and g 2ẽ2 have a common boundary point hṽ = h 11ṽ11 = h 02ṽ02 , then one of the following two possibilities holds:
01 h 11 and h −1 02 h 12 either belong both to π 1 K or belong both to π 1 L. Indeed, if v ∈ A, then v is not adjacent to both, edges of K and edges of L.
Minimizing pathes:
Let v 0 , v 1 be vertices of K ∪ L. By a path from v 0 to v 1 we mean a sequence of 1-simplices e 1 , . . . , e r such that v 0 is a vertex of e 1 , e i and e i+1 have a vertex in common for 1 ≤ i ≤ r − 1 and, v 1 is a vertex of e r .
Given two vertices v 1 , v 2 ∈M 0 , they belong to K ∪ L 0 because of (iii) and (v), and we may represent them as
2 either belongs to π 1 A or it can be decomposed as g 1 g
, then necessarily l = m and for i = 1, . . . , m belong h i and h ′ i to the same equivalence class modulo π 1 A.
We call a path e 0 , . . . , e m−1 from g 1w1 to g 2w2 minimizing if it satisfies the following:
there is a normal form
. . h m and a set of vertices a 0 , . . . , a m ∈ A 0 , with a i = a i+1 for i = 0, . . . , m − 1, such that: -e 0 has vertices g 2w2 and g 2ãm -e i has vertices h m−i+1 . . . h m g 2ãm−i and h m−i+2 . . . h m g 2ãm−i+1 for i = 1, . . . , m -e m+1 has vertices g 1w1 and g 1ã0 . One should note that all these edges exist in K ∪ L because all neighboring points project to distinct points in K resp. L and can therefore be joined by an edge in K resp. L, by completeness. Moreover, the construction should be understood such that we skip e 0 resp. e m+1 if w 2 ∈ A resp. w 1 ∈ A.
It follows from (A) and (B), that these pathes are length-minimizing in the sense of being exactly the pathes with a minimum number of edges between v 1 and v 2 . Since this latter characterisation depends only on v 1 and v 2 , we conclude: for different sections s 1 and s 2 , there is a bijection between the corresponding sets of minimizing pathes from v 1 to v 2 .
SinceK andL are universal covers of minimally complete multicomplexes, there is at most one edge between two vertices, and therefore a path of length m becomes uniquely determined after fixing its m + 1 vertices. Hence, after fixing a 0 , . . . , a m ∈ A 0 and a normal form g 1 g −1 2 = h 1 . . . h m , we get a unique path, to be denoted p (a 0 , . . . , a m ; h 1 , . . . , h m ).
We note for later reference the following obvious observations: (C1) Subpathes of minimizing pathes are minimizing. (C2) If e 1 , . . . , e k is a minimizing path, e k projects to an edge in K, e k+1 projects to an edge in L, e k and e k+1 have a common vertex, then e 1 , . . . , e k , e k+1 is a minimizing path.
Intersection with simplices:
Given a set of vertices {v i } 1≤i≤n we consider the set 0≤i,j≤n
where P (i, j) is the set of minimizing paths from v i to v j .
Letτ be any simplex in K ∪ L. We claim that τ ∩ r k ij : r k ij ∈ P (i, j) is the full 1-skeleton of a subsimplex ofτ . We have to check the following claim: 
. Note that all simplices in K ∪ L project to simplices in K or in L. Assume thatτ projects to K. By the discussion preceding observation (A), this means that h m−l+1 and h ′ m ′ −l ′ +1 belong both to 'Central' simplices: We are given vertices v 0 = g 0w0 , . . . , v n = g nwn ∈M 0 , n ≥ 2. We claim: if we fix, for each index pair {i, j}, a normal form
, and the minimizing path p ij ∈ P (i, j), then there is at most one n-dimensional simplexτ ∈ K ∪ L such that the intersection ofτ with ∪ 0≤i,j≤n p ij is the 1-skeleton of an n-dimensional simplex, i.e., is the full 1-skeleton ofτ . (In fact, for such an n-simplex to exist, the h ij 's as well as the a ij 's have to satisfy obvious compatibilty conditions. We will not make use of these explicit conditions in our proof.)
We prove the claim. Assume there are two such simplicesτ 1 =τ 2 with dim (τ 1 ) = dim (τ 2 ) = n. By assumption (vi), it suffices to show thatτ 1 and τ 2 have the same 1-skeleta. We have to distinguish the cases thatτ 1 andτ 2 have no common vertex or that they have a common subsimplex.
Assume first thatτ 1 andτ 2 have no vertex in common. In the following, 'minimizing path' will mean the unique minimizing path with respect to our fixed choice of normal forms and of vertices in A. We will frequently use the following fact: each edge ofτ 1 (resp.τ 2 ) is contained in the minimizing path from v i to v j for a unique pair {i, j} of indices. This is true by a counting argument: there are
minimizing pathes and
edges ofτ 1 , each edge belongs to some minimizing path by assumption, and no minimizing path can have two consecutive edges projecting both to K or both to L, by the definition of normal forms. For each k and l, the minimizing path from v k to v l passes throughτ 1 as well as throughτ 2 . Let w 1 k , w 1 l resp. w 2 k , w 2 l be the intersections of this minimizing path withτ 1 resp.τ 2 . We claim: all minimizing pathes from v k to some v i with i = k pass through w 1 k and w 2 k . To prove the claim, note that, by (C1), the subpath from v k to w 1 k is minimizing, that is, the corresponding sequence h 1 , . . . , h m is a normal form (for Π m i=1 h i ) with h m ∈ π 1 L if τ 1 projects to K or vice versa. It follows from the definition of normal forms that also Π m+1 i=1 h i is a normal form if h m+1 ∈ π 1 K is the element corresponding to an edge of K having w 1 k as a vertex. Since normal forms are unique up to multiplication of the h i 's with elements of π 1 A, we conclude that there is no minimizing path from v k to some vertex of τ 1 which does not pass through w 1 k . By the same argument, all minimizing pathes from v k to some vertex of τ 2 have to pass through w 2 k . In particular, they have to contain the unique minimizing path from w 1 k to w 2 k as a subpath, by (C1). This, in turn, implies that all minimizing pathes from v k to any v i , i = k, contain the minimizing path from w 1 k to w 2 k and, in particular, contain the same edge ofτ 1 . But, by the above counting argument, it may not happen that several minimizing pathes pass through the same edge ofτ 1 . This gives the contradiction.
It remains to discuss the case thatτ 1 andτ 2 have a proper boundary face in common. Let w k be a vertex of τ 1 which is not a vertex of τ 2 and w l a vertex of both, τ 1 and τ 2 . After reindexing, there are, by the above counting argument, v k and v l such that the minimizing path from v k to v l contains the edge [w k , w l ] ⊂ τ 1 . By the same argument as above, all minimizing pathes from v k to any v i pass through w k as well as through w l , that is, they all contain the edge [w k , w l ] giving a contradiction. This finishes the proof of the claim. Since it will be used again in the proof that r is a chain map, we write down the following observation, which we have just proved. , considered as tuples of 1-simplices, are A-related in the sense of definition 4. Indeed, that the concatenations are trivial in π 1 (K ∪ L) follows from the assumption that K and L are aspherical in the sense of definition 3, which forces the concatenations to bound a 2-simplex resp. a union of two 2-simplices. By assumption (viii), we get that τ {a l } ; h ij k and τ {a l } ; h ij′ k belong to the same G-orbit.
Retraction in treelike complex:
We are going to define r. Given an n-simplex σ ∈ M , n ≥ 2, we consider a lift σ ∈M which projects to σ. Its vertices v 0 , . . . v n belong to M 0 = K ∪ L 0 . Now we run the above constructions with v 0 , . . . , v n and look for simplices τ with dim (τ ) = n.
If there is no simplex τ with dim (τ ) = n, we define r (σ) = 0. Otherwise, there is a unique G-orbit of simplices {gτ : g ∈ G} with dim (gτ ) = n for all g ∈ G, and we define r (Gσ) := Gτ .
We have to check that the definition of r does not depend on the choice ofσ neither on the choice of σ in its G-orbit.
Observe the following: iff :M →M is a simplicial self-map of the universal cover, such that πf maps K to K and L to L, thenf maps minimizing pathes from v i to v j to minimizing pathes fromf (v i ) tof (v j ). Hence, simplicesτ intersecting the family of minimizing pathes associated to v 0 , . . . , v n in the full 1-skeleton of an n-simplex are mapped byf to simplicesf (τ ) intersecting the family of minimizing pathes associated tof (v 0 ) , . . . ,f (v n ) in the full 1-skeleton of an n-simplex. Thus, ifτ belongs to the family of 'central' simplices associated to some simplexσ, theñ f (τ ) belongs to the family of 'central' simplices associated tof (σ). We conclude: r (Gσ) does not depend on the choice of σ in its G-orbit, neither on the choice ofσ, for fixed σ, in the orbit of the deck group.
Finally, the two desired conditions are clearly satisfied: we have constructedτ with the help of the condition that it is a simplex in K ∪ L, hence r (σ) = τ is a simplex either in K or in L. If σ is a simplex in K or L, then clearly r (σ) = σ, hence r is leftinverse to i K * and i L * .
Compatibility with ∂-operator:
It remains to show that r is a chain map, i.e., that ∂r (Gσ) = r (G∂σ) holds for all simplices σ in M .
First we consider the case r (Gσ) = 0. Let v 0 , . . . , v n be the vertices of a liftσ, and h ij k , a ij l such that a central simplexτ exists. It is obvious, if we consider the set of vertices without v k and the corresponding restricted sets of normal forms and vertices, that we get the k-th face ofτ as a central simplex. That implies r (G∂ k σ) = ∂ k r (Gσ) for all k, and hence r (G∂σ) = ∂r (Gσ).
We consider now the case r (Gσ) = 0. If r (G∂ k σ) = 0 for all faces ∂ k σ of σ, we conclude r (G∂σ) = 0. So assume that for some face ∂ k σ of σ we have r (G∂ k σ) = Gτ for some (n-1)-simplex τ . That means that, for the vertices v 0 , . . . , v k−1 , v k+1 , . . . , v n and some choice of h ij m , a , v j+1 , . . . , v n , and the corresponding simplices have the same orientation if and only if j − k is odd. Therefore, r (∂ k σ) cancels against r (∂ j σ). As we find such a j for any k with r (∂ k σ) = 0, we get r (∂σ) = 0.
Relative construction:
Finally, we consider the general case M ′ = ∅. For the universal cover π : M → M denote the subcomplexM ′ := π −1 (M ′ ). Since A ⊂ M ′ , the definition of 'minimizing pathes' implies that, for x, y ∈M ′ 0 , all minimizing pathes from x to y are subsets ofM ′ 0 . As a consequence, for
finishing the proof of lemma 5.
2 
Proof:
Let c 1 resp. c 2 be bounded cocycles representing γ 1 resp. γ 2 . To define a bounded cocycle c, it suffices to define its value on simplices. So let σ be a simplex in M . Define: 
The 'HNN'-case
Assume moreover that a group G acts simplicially on (M, M ′ ) as well as on
Proof: The proof of lemma 6 parallels in several aspects the proof of lemma 5. We will then be somewhat briefer in the explanations. By (iv),L is a submulticomplex ofM . By (ii) and (iv),L 0 =M 0 . Denote A the image of A 1 in L ⊂ M . Fix a vertex p ∈ A and some liftp. A vertex v ∈ L 0 is the image of some vertex of K, to be denoted v by abuse of notation. There is some edge in K with boundary points p and v, because K is complete. Hence, there is also an edge in L with boundary points p and v. There are unique liftsẽ ∈L 1 andṽ ∈L 0 such thatẽ has boundary pointsp andṽ. If v happens to be in A, we constructẽ andṽ by choosing an edge e which remains in A. This is possible because A is complete. Recall that π 1 L is an HNN-extension of π 1 K. We consider π 1 K as subgroup of π 1 L and denote by t the extending element of π 1 L =< π 1 K, t | t −1 at = F * a ∀a ∈ π 1 A >. If e ∈ L 1 is an edge with boundary points v and w, we fix the unique liftẽ ∈L 1 with 0-th vertexṽ. It will be crucial that the 1-th vertex ofẽ is then necessarily of the form gw for some w ∈ L 0 with either g ∈ π 1 K or g = t. This is true because: the edge f with verticesw and gw projects to a closed edge in L, which is either the image of a closed edge in K or the image of an edge in K with endpoints b ∈ A 1 , c ∈ A 2 such that F (b) = c. In the first case, h ∈ π 1 K, in the second case h = t.
We have defined a map ∼: L 1 →L 1 , satisfying (A): if gẽ is an edge with boundary points h 0ṽ0 and h 1ṽ1 , then g = h 0 and
0 is either 1 or is an element of π 1 K or equals t. Moreover, if g 1ẽ1 is a 1-simplex with boundary points h 01ṽ01 and h 11ṽ11 , and g 2ẽ2 is a 1-simplex with boundary points h 02ṽ02 and h 12ṽ12 , then: (B): if g 1ẽ1 and g 2ẽ2 have a common boundary point hṽ = h 11ṽ11 = h 02ṽ02 , then one of the following two possibilities holds:
01 h 11 and h −1 02 h 12 belong both to π 1 K or equal both t.
Minimizing pathes:
Given two vertices v 0 , v 1 ∈M 0 =L 0 , we may represent them as
) This expression, which we will call a normal form, is unique up to changing the h i in their equivalence class modulo π 1 A.
We call a path e 1 , . . . , e r minimizing if there are a 0 , . . . , a m ∈ A and a normal form g 1 g −1 2 = h 1 . . . h m such that -e 0 has vertices g 2w2 and g 2ã , -e i has vertices h m−i+1 . . . h m g 2ã and h m−i+2 . . . h m g 2ã for i = 1, . . . , m, -e m+1 has vertices g 1w1 and g 1ã . One should note that the above edges exist in L, since K is complete. The construction should be understood such that we skip e 0 resp. e m+1 if w 2 ∈ A resp. w 1 ∈ A. It follows from (A) and (B), that these pathes are length-minimizing in the sense of being exactly the pathes with a minimum number of edges between v 1 and v 2 . Since this latter characterisation depends only on v 1 and v 2 , we conclude: for different sections, there is a bijection between the corresponding sets of minimizing pathes from v 1 to v 2 .
Since there is at most one edge between two vertices, a minimizing path becomes uniquely determined after fixing its vertices. So the only freedom in the choice of the minimizing path consists -in the choice ofã 0 , . . . ,ã m , and -in the choice of the h i in their equivalence class modulo π 1 A. The unique path corresponding to such a choice will be denoted p (a 0 , . . . , a m ; h 1 , . . . , h m ).
Intersection with simplices:
Let v 0 , . . . , v n be vertices ofL. Defining P (i, j) like in the proof of lemma 5, we want to check that, for any simplex τ inL, τ ∩ r k ij : r k ij ∈ P (i,
. By the discussion preceding observation (A), we get that h m−l+2 and h ′ m ′ −l ′ +2 either belong both to π 1 K − π 1 A or are both equal to t, and that the other of these two posibilities must hold true for
. This implies that [x, z] is part of the minimizing path e 0 , . . . , e l , [x, z] , e ′ l ′ , . . . , e ′ 0 , similarly for the other edges.
'Central' simplices: We are given vertices v 0 = g 0w0 , . . . , v n = g nwn ∈M 0 , n ≥ 2. We fix a 0 , . . . , a m ∈ A 0 and normal forms g i g
Hence, we have unique minimizing pathes p ij from v i to v j . Then there is at most one ndimensional simplexτ ∈ L such that the intersection ofτ with ∪ 0≤i,j≤n p ij is the 1-skeleton of an n-dimensional simplex, i.e., is the full 1-skeleton ofτ . This is proved by literally the same argument as in the corresponding part of the proof of lemma 5, to which we refer. We consider the projection τ ′ ofτ to L. By construction, the edges of τ ′ are projections of 1-simplices of K. Assumption (v) implies then that τ ′ is the projection of some simplex τ ∈ K.
The resulting simplex in K will be denoted as τ a ; h ij k belong to the same G-orbit.
Retraction in treelike complex:
Given an n-simplex σ ∈ M , we consider a liftσ ∈M with vertices v 0 , . . . , v n , and we let r (Gσ) = Gτ if the above construction gives the G-orbit of a simplex τ with dim (τ ) = n, otherwise we define r (Gσ) = 0. The definition of r does neither depend on the choice of the liftσ nor on the choice of σ in its G-orbit, and it satisfies the two desired conditions. The same argument as in the proof of lemma 5 shows that r (G∂σ) = G∂r (Gσ). From the assumptions follows A ⊂ M ′ . It is then clear from the definition that minimizing pathes between points of M ′ remain in M ′ . Thus r maps C * (M ′ ) to
In an analogous manner to corollary 2, we conclude that γ is fixed by G. 3 Glueing along amenable boundaries 3.1 Dualizing the problem
Assume that the following holds: For all 
Proof:
(i): First consider the case that M 1 and M 2 have nontrivial simplicial volume. Then, by 1.2, the relative fundamental cocycles have preimages
. Consider for i = 1, 2
Hence,
i * γ is the relative fundamental cocycle of (M, ∂M ) and, by β ≤
Now consider the case M 1 , ∂M 1 = 0 and M 2 , ∂M 2 = 0. Consider γ 2 = 0 and again
The same way as in the first case we get that
(ii): We suppose M 1 , ∂M 1 = 0, since otherwise the claim is trivially true. Then the relative fundamental cocycle has preimage 
Multicomplexes associated to glueings
The 'amalgamated' case.
We are going to consider the following situation: X 1 , X 2 are topological spaces,
The assumption on f * implies that π 1 X 1 , π 1 X 2 inject into π 1 X. By proposition 3, it follows that -(i) K (X 1 ) and K (X 2 ) are submulticomplexes of K (X). Concerning the 0-skeleta, we have
Let A = X 1 ∩ X 2 be the intersection of X 1 and X 2 as subspaces of X. There is an obvious homomorphism π 1 A → π 1 X. Hence, there is a map from K (A) to K (X 1 )∩K (X 2 ), the intersection of K (X 1 ) and K (X 2 ) in K (X), which identifies pathes in A whose composition gives an element of ker (π 1 A → π 1 X). Since this projection kills exactly the kernel of
But this amalgamated product is isomorphic to π 1 X ≃ π 1 K (X) and we conclude -(iv) the inclusion K (X 1 ) ∪ K (X 2 ) → K (X) induces an isomorphism of fundamental groups.
Moreover, it follows from proposition 2 that -(v) K (X 1 ) and K (X 2 ) are aspherical, and we clearly have
may not inject into π 1 X, analogously to lemma 3, we get:
The 'HNN'-case. Let X 1 be a topological space, A 1 , A 2 path-connected subspaces of X 1 , f : A 1 → A 2 a homeomorphism such that f * restricts to an isomorphism from ker (
We have canonical, not necessarily injective, maps from K (A 1 ) and K (A 2 ) to K (X 1 ). For brevity, let us denote
Let L be the multicomplex obtained from K (X 1 ) by identifying σ and F (σ) for any simplex σ in K 1 . We have then
and L are aspherical in the sense of definition 3. Let A be the image of A 1 in X and K ′ the image of K (A) in K (X). Then (vi) the projection from
Finally, from injectivity of π 1 X 1 → π 1 X one gets that the canonical map Π A i (X 1 ) → Π A (X) is an isomorphism for i = 1, 2. Consider the action of G = Π A (X) on K (X).
(vii) The action of G commutes with i L P , where P : K (X 1 ) → L is the canonical projection. Similarly to lemma 3, we get (viii) G acts transitively on K ′ -related tuples of 1-simplices in K (X).
Proof of Theorem 1
In this section, we prove superadditivity for simplicial volume of manifolds with boundary with respect to glueing along amenable subsets of the boundary. A similar result for open manifolds is the Cutting-off-theorem in [3] . One should note that, at least for manifolds with boundary, the opposite inequality need not hold. As a counterexample one may glue solid tori along disks to get a handlebody.
Proof:
(i): For manifolds of dimensions ≤ 2 one checks easily that there is no counterexample. So we are going to assume that n ≥ 3. We want to check the assumption of lemma 7. We can restrict to the case that A 1 and A 2 are path-connected, since we may argue succesively for their pathconnected components.
First, we make the restrictive assumption that π 1 ∂M i and π 1 A i should inject into π 1 M i for i = 1, 2. We will show afterwards how to handle the general case. The advantage of this assumption is that, by proposition 3, we may assume K (∂M i ) to be a submulticomplex of K (M i ) and K (∂M ∪ A) to be a submulticomplex of K (M ). Denoting by j 1 , j 2 , k 1 , k 2 the embeddings and by I, I 1 , I 2 the isometric isomorphisms from Prop.2(ii), we claim that the following diagram commutes. 
For a space X and q ∈ N let C q (X) be the group of singular chains and B q (X) the subgroup of boundaries. By theorem 2.8. of [9] the following two statements are equivalent: a) there exists a number K > 0 such that for any boundary z ∈ B q (X) there is a chain c ∈ C q+1 (X) satisfying ∂c = z and c < K z , b) the homomorphism
i , hence we can apply corollary 1 and, given some ǫ > 0, we can find a relative cycle
is clearly injective and we get a constant K with the property in a). Therefore, we find c ∈ C * (A ′ 1 ∪ A ′ 2 ) with c ≤ ǫ and ∂c = i * c A , where c A is the restriction of ∂ ( r i=1 a i σ i ) to A 1 ∪ A 2 , and i is the inclusion i :
is a fundamental cycle of norm smaller than M, ∂M +2ǫ.
2 Remark: The assumption of lemma 9 is in particular satisfied if im (π 1 ∂M 1 → π 1 M 1 ) and im (π 1 ∂M 2 → π 1 M 1 ) are amenable and the (singular) compression disks can be chosen to be disjoint. For 3-manifolds M i , by a theorem of Jaco, cf. [4] , there is
Proof: Theorem 1 follows from lemma 8 and 9. 2
Corollary 4 : (i) Let A be a properly embedded annulus in a compact
Remark: If ∂M consists of tori and A is an incompressible annulus, then even M A , ∂M A = M holds by a theorem of [11] .
In [11] , a version of corollary 4 has been proved for the special case that ∂M consists of tori. The principal ingredient in the proof is the following statement: In [12] , this proposition is stated for closed M as theorem 6.5.5. without writing a proof. In [11] , it is then derived for M with toral boundary, using the doubling argument, see the proof of lemma 1 in [11] . Hence, our proof seems to be the first written proof of corollary 4 and proposition 5. (It is easy to see that corollary 4 implies proposition 5.) We want to mention that, according to Agol, an alternative proof of proposition 5 (hence, corollary 4) should be possible using the methods of [1] . We refer to [11] to see that corollary 4 actually allows to compute the simplicial volumes of all Haken 3-manifolds with (possibly empty) toral boundary.
Counterexamples
The first example shows that the condition ker (
can not be weakened. Example 1: Knot complements Let K be a knot in S 3 such that S 3 − K admits a hyperbolic metric of finite volume. Let V ⊂ S 3 be a regular neighborhood of K. ∂V is a torus, hence, π 1 ∂V is amenable. But S 3 = 0 < S 3 − V, ∂V + V, ∂V .
Lemma 8 does not apply because the meridian of ∂V maps to zero in π 1 V , but it doesn't so in π 1 S 3 − V . (Note that the condition "∂M incompressible", missing in [13] , is necessary to exclude handlebodies. It is needed in the proof to guarantee that DM is irreducible.) Therefore the simple pieces admit an (incomplete) hyperbolic metric such that the toral boundary components correspond to cusps and the boundary components of higher genus are totally geodesic.
For an oriented manifold M , let DM denote the double of M , defined by glueing two differently oriented copies of M via the identity of ∂M . It is trivial that DM ≤ 2 M, ∂M . Theorem 1 implies, of course: if M is a compact 3-manifold with ∂M = 0, then DM = 2 M, ∂M . We will show that this is actually an if-and-only-if condition. 
Proof:
If ∂N = ∅, this follows from [6] . If ∂N = ∅, it follows from the main result of our paper [8] . . (In fact, we showed in [7] , by constructing triangulations of handlebodies, that 4 3 ≤ C ≤ 3.) The double of H g is the g-fold connected sum S 2 × S 1 ♯ . . . ♯S 2 × S 1 , whose simplicial volume vanishes. This shows that there may be manifolds M of arbitrarily large simplicial volume with DM = 0.
In fact, we can give a precise condition when DM = 0 holds for a compact 3-manifold M . Recall that any compact 3-manifold can be cut along disks into finitely many pieces M j which have incompressible boundary. We claim that DM = 0 if and only if all these M j have a Jaco-Shalen-Johannsondecomposition without simple pieces in the sense of [10] .
Namely, if M j has a JSJ-decomposition without simple pieces, one easily gets DM j = 0, thus, DM j is a graph manifold by [11] . DM is obtained from ∪DM j by cutting off some 3-balls and identifying their boundaries in pairs. By the same argument as in the proof of lemma 4 in [11] , DM is then a graph manifold and DM = 0.
To prove the other implication, assume that M j had a simple piece H, on which we put a hyperbolic metric with totally geodesic boundary. Inside DM this gives us a submanifold H ′ , obtained from two copies of H by glueing via the identity on a submanifold of ∂H. Clearly, H ′ admits a hyperbolic metric with totally geodesic boundary. From proposition 5, one can conclude DM > 0.
